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Abstract 

By using the relativistic top theory, we derive a relativistic top deviation 
equation. This equation turns out to be a generalization of the geodesic de- 
viation equation for a pair of nearby point particles. In fact, we show that 
when the spin angular momentum tensor associated to the top vanishes, such 
a relativistic top deviation equation reduces to the geodesic deviation equation 
for spinless point particles. Just as the geodesic deviation equation for spinless 
particles can be used to investigate the detection of gravitational waves, our 
generalized formula for a relativistic top can be used to study the gravitational 
wave background. Our formulation may be of special interest to detect the 
inflationary gravitational waves via the polarization of the cosmic background 
radiation. 
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I. INTRODUCTION 



It is well recognized that the geodesic deviation equation (GDE) for spinless 
particles plays an important role in the search of gravitational wave detectors 
[1-2]. Indeed, it is known that all of the projects currently used to detect gravi- 
tational waves, including LIGO [3], VIRGO [4] and LISA [5], have among their 
root physical bases such an equation. However, some years ago, in references 
[6] and [7], it was proposed to use the relativistic top equations of motion 
(RTEM) [8] (see also Refs. [9] and [10], and references there in) instead of the 
GDE for the same purpose. The main motivation for this alternative emerged 
from the observation that the motion of a relativistic top is influenced by a 
gravitational force involving the Riemann tensor just in a similar way as two 
spinless particles in the GDE involve the Riemann tensor. In Ref. [6] general 
solutions of the RTEM for the case of a top interacting with a gravitational 
wave were investigated, while in Ref. [7] such solutions were applied to the spe- 
cific case of considering pulsars as gravitational wave detectors. Although the 
alternative method proposed in Refs. [6] and [7] to detect gravitational waves 
is interesting by itself, it has to be extended with the purpose of comparing, 
in a direct way, the results derived from the RTEM with those obtained from 
the method based on the GDE. Hence, instead of treating the two alternatives 
as two independent methods, in this work we combine them and we obtain 
a generalization of the GDE formalism. Specifically, we derive a relativistic 
top deviation equation (RTDE) which is reduced to the GDE when the spin 
tensor associated to the top vanishes. 

It is known that binary pulsar systems may be important sources of grav- 
itational waves [11]. Here, as an application of the RTDE we shall argue that 
binary pulsars can also be used as detectors of gravitational waves. For this ef- 
fect to be viable it is necessary that the binary pulsar system has a companion 
source of gravitational waves. A similar but not quite the same idea has al- 
ready been considered by Laguna and Welszczan [12]. These authors consider 
a rotating black hole as the companion of the binary pulsar and investigate 
the Shapiro time delate [13] due to the Kerr-Newmann curvature produced by 
such a black hole. Instead of focusing the attention on the black hole curvature 
we think about the black hole gravitational waves as being the responsible of 
the timing effect on the binary pulsars. Our work may be useful, among other 
things, to distinguish these two possibilities. Actually, our formulation is so 
general that the companion of the binary pulsar can be any other source of 
gravitational waves such as supernovae or vibrating neutron stars. 

Also, this work may be of special interest in connection with other related 
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works. Recently, Wang et al. [14] made the proposal to construct a 50m ra- 
dio telescope to measure pulsar timings. The Wang et al. considerations are 
based on the idea proposed some time ago by Detweiler [15] who showed that 
measurements of signal arrival time from a pulsar may be used to search for 
stochastic gravitational wave background (SGWB). The main strategy of these 
authors to detect of the SGWB is to consider a number of pulsars separated 
at different parts in the sky. It is clear then that our RTDE formulation may 
be useful for the project of these authors. Also recently, Kessari et al. [16] 
(see also Refs. [17] and [18]) extended the idea of Ref. [7] to include electro- 
magnetic waves. Since the polarization vector of an electromagnetic wave can 
be described by the spin tensor of a massless top, it seems reasonable to think 
that the RTDE approach may also be of special interest in this direction. 

Finally, the RTDE may also have an interesting application in connection 
with the so called inflationary gravitational waves (see [19] and references there 
in). As it is known, the polarization of the cosmic microwave radiation [20] 
may solve the problem of detecting the gravitational waves produced during 
the inflationary scenario. Just before the universe became transparent to radi- 
ation, the plasma motion caused by the gravitational waves may have different 
sources. In particular, the effect predicted by the RTDE may be of particular 
interest in this scenario. 

Moreover, inflationary gravitational waves are predicted by higher dimen- 
sional theories such as string/M theories [21]- [24] and supergravity. An at- 
tractive scenario with extra dimensions is the brane worlds cosmology. In this 
case, our 3+1 dimensional spacetime is the dynamical 3d brane embedded in 
the higher dimensional space. The information about the bulk/brane geom- 
etry can be obtained through the gravitational waves. All particles in the 
standard model are confined to the brane and they cannot move in the higher 
dimensional space, with the sole exception of gravity. Therefore, if we identify 
the internal angular momentum of the top with the spin tensor of a funda- 
mental particle, then the RTDE provides an interaction between brane world 
gravitational waves and the spin of the particles in the plasma contained in 
the brane. Thus, the RTDE system may be useful to get information through 
gravitational excitations. 

The plan of this work is as follows. In section II, we briefly review one of 
the possible mechanisms to obtain the GDE and in section III we apply similar 
techniques to obtain the RTDE formulation. In section IV, we explain how 
the RTDE can be applied to the detection of gravitational waves. Finally, in 
section V, we make some final comments. 



3 



II. GEODESIC DEVIATION EQUATION 



Several methods can be used to obtain the GDE. Some of them are, in fact, 
quite brief. For our purpose, however, it turns out to be more convenient to 
follow the one in reference [25], emphasizing that our computations are more 
specific than those of [25]. 

Consider a point particle whose trajectory is described by the coordinates 
x M (r), where r is the proper time parameter. The geodesic equation is 

-72 ,yt/J A ry.Oi A npP 

Hi iAj j i , . (_ t ' tAJ \AJtAJ _ , , 

Here, stands for the Christoffel symbols. 

Equation (1) can be written in a more compact form as 

D 2 x n 



Dr 2 



0, (2) 



where -2- denotes covariant derivative with respect to r and D ^ X 2 = 
Note that, since the coordinates x M are scalars fields, one has = 

A nearby point particle must also satisfy the geodesic equation. If we use 
the coordinates x'^(t) to describe the position of such a nearby point particle 
we have 

^ + r * M ^ = o. (3) 

By nearby we mean that the coordinates x'^ij) can be written as 

xP = xP + %! i (x), (4) 

with i £ M i being a very small quantity. 
To first order in £ M we have 

C(^ + = ryx) + r^, A e A , (5) 



dY 



with 

iA — -gpr- Thus, using (4) and (5) we find that equation (3) becomes 

d 2 ^ „ dx a dx? dx a d^ x dx a dx? _ 

~~dr 2 ' ~dr 2 ^ a ^~d~T^~dr ^ <x ^~dfT~dfT ^ "^'^ ~ °" ^ 
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By virtue of (1), we see that the first and the third term of (6) can be dropped. 
Hence, the expression (6) is reduced to 

d 2 ^ ^ a dx a d^ ^ a ,dx a dx? 

Our goal is now to write this equation in a covariant form. For this purpose 
we first write (7) in the form 

d 2 ^ dx a d^ _ x dx a dx p 

d^ + 2l ^~dTd^~~ la ^ x ^ ^7^7' (8) 

Now, by adding to both sides of (8) the expression 



rA rpQL si rpP H rpQ- A rfP A /y*OL A rpP 

h 1 r^A _i_ T^cr £A pi/* per 

aA,/3 dr dr k + 1 1 aX dr dr ^ 1 <* L afi dr dr 
we observe that (8) becomes 



(10) 



d 2 ^ , p-pM dx a d£P , r) u dx^dxP_c\ 
"r Zi a/3 d r dr "i" 1 aA'/3 dr dr ? 

pa dx^dxf_t\ _ p/i per dx^dxf_c\ _ p/t dx^tActe^ 
0-/3 1 aA dr dr ^ 1 crA 1 a/3 dr dr S -"-aA^ dr S dr ' 

where i?^ A/ g is the usual curvature Riemann tensor, 

-"Wi - 1 a/3'A ~1 aX ,f3 +1 ^A 1 a/3 ~ 1 a/3 1 aA- I 11 ; 

By considering (1), we note that the fifth term of the left hand side of (10) 
can be written as 

-p/t per ux " x cA _ F M u x fA / 10 \ 

Substituting this result into (10), it is not difficult to see that (10) can be 
written in the covariant form 

D 2 ^ D „ dx a x dxP 

lop ~ ~ R ^^ d7' (13) 

which is, of course, the famous geodesic deviation equation (GDE) for a pair 
of nearby freely falling particles in a gravitational field background. 
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III. RELATIVISTIC TOP DEVIATION EQUATION 



The equations of motion of a relativistic top moving in a gravitational field 
background are 

and 

DS^ 

sr = o. as) 

Here S^ u = —S"^ is the internal angular momentum (or the spin tensor) 
per unit mass of the top satisfying the Pirani constraint [26] S^ v ^- = 0. It 
is worth mentioning that the formulae (14) and (15) can be derived from a 
number of different methods [8] (see also Refs. [10], and references there in). 
Perhaps two of the most interesting are the Lagrangian formulation due to 
Rietdijk-Holten [9] and Galvao and Teitelboim [27] (see Refs. [28] and [29] 
for early works), and Hojman [30]. In the Rietdijk-Holten-Galvao- Teitelboim 
(RHGT) approach the spinning top is described by the variables z M (r) and 
6^(r), where the 9^{t) are anticommuting variables (Grassmann coordinates), 
while in the Hojman formalism the rotation of the top is described by the 
four vectors e£\ (r) . Specifically, in the case of RHGT the spin tensor S^ v is 
given by S^ v = i9^9 v , while in the Hojman's approach S^ v is the canonical 
momentum associated to the angular velocity a^ u = e^-^e^. In both 
cases the corresponding Lagrangian is taken to be a Poincare invariant. One 
of the advantages of the Lagrangian formulation is that it allows the use of 
a variational principle to insure the consistence of the equations of motion. 
However, the main motivation to develop the Lagrangian formalism for the 
top is the desire to use the Dirac 's constraint Hamiltonian method to quantize 
the system. An important aspect of this construction is that it is more 
convenient to consider the Tulczyjew constraints [31] S^ V P V = 0, with the 
linear momentum of the top, rather than the Pirani constraint. As a result 
the linear momentum P M turns out to be non parallel to the velocity = 
However this difference is very slight and gauge dependent. Therefore, for 
practical purposes the Tulczyjew constraint and the Pirani constraint are the 
same and the reduced equations of motion look like (14) and (15). A final 
observation is that (14) can be understood as the analogue of the geodesic 
equation (1) and in fact it reduces to (1) when the spin tensor S^ u vanishes. 

After comparing equations (13) and (14) we observe a great similarity. But 
in fact they are very different in the sense that while equation (13) refers to a 



6 



pair of nearby point particles, (14) is associated with just one physical system: 
a relativistic top. Nevertheless, this similarity was used as an inspiration to 
propose that just as (13) is used to detect gravitational waves, equation (14) 
can be used for the same purpose. In order to better understand the real 
differences between the two point particles system and the relativistic top it is 
necessary to derive the analogue of (13) for a pair of nearby relativistic tops. 
For this purpose let us closely follow the method of section II, but now using 
the relativistic top equation of motion (14) instead of the formula (1). 
A nearby top must satisfy the corresponding equation of motion 

££_ + C = ~^)%rS*- He) 

Consider now a perturbation of the form 

x'» = x» + ^(x). (17) 

and 

5'"" = + S^, a C(x). (18) 
We are interested in developing the formula 



(19) 



to first order in We find 

d 2 x» , rf 2 ^ . p/j rf^dx^, 9r M dx^d^ipAt t\dx?_dxP_ 
dr 2 ~T~ dr 2 ~T~ 1 a/3 dr dr Zi a/3 dr dr 1 a/3>A ? dr dT 

_ lrpC i° cA/3 , pM d£ a qA/3 , pM dx" cA/3 <7 i pM t<r dx a cA/3l 

(20) 

By using (14), this formula is simplified to 

d 2 ^ , p-pM dx^dt^_ | -pM c\dx^dxP_ 
dT 2 -T ±y af} dr dr a/3'A S dr dr 

(21) 

— _ 1 r QA/3 I pM dz" oA/3 t7 _|_ pM cct dx Q qA/31 

— 2l rL a\f3 dr ° ^ rt aA/3 dr ° '7? -""aA^'C S dr ° -I - 

It is more convenient to write this equation as 
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<jVt I PPM dx^_d^_ _yn t\ dx a dx? 
dr' 2 + Zi a/3 dr dr ' i a/3'AS dr dr 

(22) 

_ 1 r d§Zq\(3 j_ DM dx^qX/3 rt, pM OAffl 

2 L-^aA/S dr ° "'" -"-aA/3 dr ° '7 S ~r ^aXpia S dr J) 

The next step is to write this formula in a covariant form. 

For this purpose, as in section II, we add to both sides of (22) the expression 

^ £ A _L F^ F CT F^ F CT £^ fOQ^ 

We get 



rf2 £ M I OF/ 1 dx°^d^_ , dx^dx^tX _| po- dx^dx^AA _ pM pa dx°^dx^_t\ 

~dF^ ^ ^ L a/3 dr dr ^ L a\->P dr dr S °73 c*A dr dr S 1 ctA 1 a/3 dr dr S 

_ _ pM da; a £ A drr^ 3 _ 1 r pM (2£ Q cA/3 , pM dx" qA/3 £7 _i_ pM £<r cA/3l 
_ n aX/3 dr S dr 2 L^aA/? dr ° + A aA/3 dr J '7? T Xl aXj3 ,a ? dr ^ J, 

(24) 

where we have used the definition of the Riemann tensor R^xp- 

In contrast with (12), using (14) we now find that the fifth term in the left 
hand side of (24) leads to 

A t ol f 7 T f3 ,72 o- i J a 

1 ^ ^ dr dr 5 " CTA dr 2 5 + 2 1 dr b ' (25j 

Substituting (25) into (24), we learn that (24) can be written as 



-D 2 g M i Itm CI no- dx^oXp _ _pM dx^VAdx^ 
Dr 2 ~+~ 2 1 ct 7 ? ^aA/3 dr ° _ rt aA/3 dr ? dr 

It is not difficult to show that 



(26) 



+ ^f5^ )7 e + Kx^e d -fs^] 

= -WKw^s* + K x /-fs^c + ^;,ff^] (27) 

Here, for any contravariant tensor A 11 we define the covariant derivative as 
A^; a = A^, a +T^A y . Although the result (27) seems to be evident, it is not a 
trivial one since for its obtainment many terms were cancelled. 
We finally discover that using (27), the expression (26) becomes 
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Dt 2 ^aXf} dr ? dr 

(28) 

_l[pC gg cA/3 i pM t7 _|_ DM . to-^cA/31 

2l n aA(3 Dt J f A aA/3 rf T J '7 S ' ri aXf3^ < i dr ° J' 

which is the covariant form of the relativistic top deviation equation (RTDE). 
Clearly, (28) reduces to (13) when the spin tensor S Xf3 vanishes. Therefore, (28) 
is an extension of (13). (It is worth mentioning that in Ref. [32] appears similar 
equations to those in (28).) One of the attractive features of (28) is that the 
spin angular momentum S x @ of the top is coupled to gravity via the curvature 
Riemann tensor -R^ A/3 and the gradient of this. It seems reasonable to think 
that this characteristic can provide a better description of the properties of the 
underlying curvature geometry. In particular, we shall see in the next section 
that the RTDE may be used to study different properties of a gravitational 
wave background. 



IV. THE RELATIVISTIC TOP DEVIATION EQUATION AND 
GRAVITATIONAL WAVES 

In this section we will investigate the consequences of equation (28) to the 
case of gravitational waves. But for completeness we will start by reviewing 
briefly how the formula (13) is used for this particular case. 

Consider a gravitational wave in a flat background. For this case, the 
metric can be written as 

9imu = r)nv + h^, (29) 

where rj^ is the Minkowski metric and | h^ v |<C 1. In the transverse-traceless 
gauge 

V = 0, 

h ijd = 0, (30) 
K = 0, 

with the indices i,j,...,etc running from 1 to 3. The Einstein gravitational 
field equations imply that hij satisfies the wave equation 

□ 2 % = 0, (31) 
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where D 2 = d^d^ is the D'Alambertian. In the gauge given in (30), the space- 
time components of the Riemann tensor i? i0 jo have the simple form 

RiOjO — — 2^' 00 ' (^2) 
By considering (30), one discovers that can be written as 

h l3 = A + e+ + A x e^, (33) 

where A + and A x are two independent dimensionless amplitudes and efj and 
e*- are polarization tensors. For a w^vp trnvplino- in thp Hirpptinn t.V 
nonvanishing components of e^- are 



e*- are polarization tensors. For a wave traveling in the z— direction the only 



-p 

2/2/ ' 



(34) 



and in this case A + and A x turn out to be functions that depend only onf-2. 

In a proper reference frame we have x° = r, x l = 0, so that ^ = 1 and 
^ = 0. In this reference frame we find that (13) becomes 

^ = -*U*, ( 35 ) 

By using (32), we find that equation (35) can be rewritten as 

§ = l^, (36) 
with hj = 5 th hkj, and for a wave propagating in the z— direction, (36) implies 

dt 2 

as well as 



0, (37) 



d 2 £ a 1 

^ = 2^00^, ( 38 ) 

where now, the latin indices a,b, .., etc run from 1 to 2. The formula (38) tells 
us that only separations between two nearby point particles in the transverse 
direction are meaningful. 

Let us now address the problem at hand, namely, we are interested in 
applying a similar method as the one above to the case of a system with two 
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nearby relativistic tops. For this purpose let us consider the formula (28) in a 
proper reference frame. We have 



J2&H 1 A pa 

~_2 — pM t k TRM ^ Q kl i DM Q M n_i DM d-o-cfeil (on\ 

~ ^OfcOS 2 akl ~dr Okl D >7S "T-^OWxtS <-> J; l<J y J 

where we used the fact that S' ' 4 = due to the Twlczyjew-Pirani constraint 

giiv dx v _ g 
(It 

Using the symmetries of the Riemann curvature tensor we find that the 
time component of (39) is 

while the space components become 

d 2 ^ _ pi tk 1 f pi d£° ofcZ _|_ pi cfci tO I pi tO qkl] 
dt 2 — -rtofcOS 2 L^OM dt ° * Okl >0 ? T-ttofcZ'O*; <-> J 

(41) 

1 r pi <if cfci _j_ pi qkl tj _j_ pi tj Qkl] 
~2l U jkl~dT :: ' n 0M^ tf'S + ^OfcW ? <-> J" 

We shall now apply (40) and (41) for the particular case of a gravitational 
plane wave propagating in the z— direction. It is convenient to write the indices 
i,j...etc as (a,z). With this notation (40) can be written as 

A2t0 A pa 

where we used the fact that the only nonvanishing components of the Riemann 
curvature tensor are 



Rzazb — RoaOb — — R-Oazb — —^abfiO- (43) 



While (41) yields 
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d 2 C _ pi tb [ pi d£° q z b _i_ pi Czb tO _i_ pi tO Czb] 

1 r P* gjg* 3 Cab i pi Cab tO i pi tO Cafel 
"^Oab"^ + K Oab b >0? +-K afe'0 4 ^ J 

r P* ^Sl Qbz _j_ pi Cbz tz _j_ pi tz cbzl 
_ L- ft zbz~dF'~' + n Obz a izt, -r-KobzizS D J 

1 r pi d^l Qab _j_ pi Cab tz _j_ pi tz cab! 
_ 2L jtt zab~dr' 3 "+" ^Oab^ >zS + ^Oab>z S <J J 



(44) 



r pi dt; a qbz I pi cbz ta _i_ pi to cbzl 
"[-"-abz ^ ° "r -"-Obz 'a? "r-n-Qbz'aS ° 



1 r £?* Cbc _j_ pi cbc ta _j_ pi ta cbcl 

"^-"abc'dF "+" - rt 0bc'-' >o? +%ci«5 J 

The ^ component of (44) is 



'' V (45) 



where we used (43), and the x and y components are 



d 2 S, a pa tb \ JDa d£° cbz _j_ pa cbz tO _j_ pa tO cbzl 

"dp ~ _/t 0b0? ~ [ n 0bz~dT' 3 + n 0bz S +^0bz?0'5'J J 

[pa cbz I pa Cbz tz _i_ pa tz Cbzl pa Cbz ta 

Y^zbz dt ° "i" -""Obz wS "r-^ObzizS ° J rL 0bz° 10? ■ 



(46) 

i z Qbz I pa Cbz tz I pa tz Cbzl pa Cbz ta 
j^-O -|- -ft 0b2 O ,2<^ -r-n-obz^S ° J - n 0bz° ioS • 

Note that the S ab component of the spin angular momentum does not appear 
in (42), (45) and (46) and that only the S zb component remains. To better 
understand this let us define 

S * = ^ k S jk , (47) 

where is the Levi-Civita tensor with e xyz = 1. From (47) we see that the 
z component of the intrinsic angular momentum does not play any role in 
equations (42), (45) and (46). This means that no effect is expected when the 
top is oriented along the direction of propagation of the gravitational wave . 
The second interesting observation is that if S zb is nonvanishing then ^ 

and ^4- 0, in contrast with the case of a pair of nearby point particles in 
which both of these terms vanish. The third important observation is that the 
^p- equation contains a large number of terms in addition to the usual one 
i?Q&o£ 6 - Clearly, this means that the solution of (46) will not be as simple as 
in the case of nearby point particles. 
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Let us focus on the terms in (46) not involving derivatives of S zb and the 
Riemann tensor, which presumably represent small order corrections. In this 
case (46) is reduced to 

ffta JtO Atz 

' " > pa cb pa ~2 cbz pa ~S gbz (AQ\ 

ffi ~ -""ObOS n 0bz ^ D n zbz ^ ° • I* 5 J 

By means of (43), we find that (42), (45) and (48) become 

_ n ab,00-^-b , (49 ) 



dt 2 2 "°' uu dt 



d 2 i z 1 , ^° 



dt2 2 h ah , m —S* (50) 
and 

d 2 ^* _ l, a tb 1 , a d£° bz 1 d^ z bz 

it¥-2 hbmi ~2 hbm ^ s + 2 b > 00 ^r s ' (51) 

respectively. From (49) and (50) we discover that we can set £° = -«f + etc 
Therefore (51) becomes 



dT Ka ,b ua dC Z 



df2 2 hU^-hl m —S z . (52) 

Observe that if at an initial time the spin of the top S bz has an orientation 
such that 

dP 

i b - 2^-S bz = 0, (53) 

then there is not transverse motion £ a = const, and therefore (50) admits the 
solution 



£ 2 = const. (54) 

What this means is that if the spin of the top is oriented along the vector 
separation £ a of the two tops, then the gravitational wave does not produce 
any effect on the system. This appears to be a new interesting result since in 
the ordinary case of GDE the wave is always transverse in its physical effects. 
Let us now look for a solution of (52) of the form 

1 dP z 
C = Co + 2 Ke o -h a b (^\o)S bz . (55) 
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where f° = const. We observe that ^ = ±h%, $ - K, (^- \ )S bz . Substi- 
tuting (55) into (50) we find that to first order in h (50) becomes 

-±»0, (56) 

Therefore if initially ^ | = to first order of approximation the solution (55) 
reduces to the ordinary case of a pair nearby point particles. 



V. COMMENTS 

We have been pursuing the possibility of using relativistic tops as detectors 
of gravitational waves. In two previous works (Refs. [6] and [7]) an isolated 
top in a gravitational field was considered, making difficult to compare the 
results with the case of DGE. In order to overcome this difficulty and to gain 
further progress towards our goal, in this article we have derived the RTDE 
equation for a pair of nearby tops. We have shown that the RTDE reduces to 
the GDE when the spin tensor vanishes. 

By considering a plane gravitational wave we find the solution of the RTDE 
for two simple cases. In the first case we discover that if the internal angular 
momentum of the top is oriented along the vector separation of the two tops, 
the gravitational wave does not produce any effect on the physical system. In 
the second more general case, we find that the nearby top will have an effect 
different from the case of GDE only to a second order of approximation in 
the perturbation h a b- At first sight, it could seem that these two cases show 
that even though the RTDE formulation it may be theoretically interesting it 
does not offer a promising route for experiments. However, rough estimates 
can show that this is not the case. 

Let us write (55) in the form 

C = Co + \h a A + V\ (57) 



where 



V a = \o)S bz . (58) 



Here, we are interested in making a rough estimate for rf . The result £' 

dt 







— £ z + const, allows to set (^ | ) ~ 1. Thus, (58) is reduced to 



obz 

rf ~ hi , (59) 

m c 
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where, in order to have the correct units, we restored the constants m and c. 
(Here, mo is the mass of the top and c denotes the light velocity.) In an order 
of magnitude, the expression (59) can be written in the form 

S 

v ~ h . (60) 

Roughly we can write S ~ m r 2 c<;, so (60) becomes 

2 

V UJ 

rj ~ h . (61) 

c 

For typical milli second (ms) pulsars cu ~ 10 3 Hz and r ~ 10 6 cm. Therefore, 
10 15 cm and from (61) we find that 



r 2 u) 



7] ~ h(10 5 cm). (62) 

If we consider the best expected sensitivities of the wave amplitude h over 
the earth, roughly h ~ 10 -18 , we find that rj ~ 10~ 13 cm. This value for rj is, 
of course, too small for current research detections. However, this estimate 
is based on the value h ~ 10~ 18 , which corresponds to gravitational radia- 
tion sources at distances of Mpc from the Earth, but it may not necessarily 
correspond to some places in the interstellar medium where the arrival of grav- 
itational waves can have a stronger effect. For instance, a pulsar may be close 
enough to a strong source of gravitational waves companion such as another 
pulsar, black hole or supernova. If this is the case, from the formula 

2G d 2 Q jk 

h > k ~ r (63) 
where Qjk is the mass quadrupole moment, one finds that the expected value 
for h should be increased by several orders of magnitude. For example, it is 
known that some globular clusters may be considered as kitchens for making 
several ms pulsars. In such a scenario, from the rough estimate of (63) 

/ ^ ' sch 1 ' sch { n a \ 

h — , 64 

r R 

where r sc h is the Schwarzschild radius and R is the radius of the source system, 
one finds that the value of h could be, for instance, of the order 10 _1 , which 
leads to a sensitivity of rj ~ 10 4 cm. This result appears to be large enough to 
be detected from the arrival radio signal coming from a pulsar. 

A possible interesting extension of this work is to apply a similar method 
to the one used to obtain the RTDE in the case of the nongeodesic equa- 
tions of motion of spinning particles in a teleparallel gravitational background 
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(GETGB) [33]-[34]. The GETGB equations are an extension of the RTEM in 
the sense that they include torsion interactions in addition to the gravity spin 
interaction. Recently, Garcia [35] has revisited the motion of spinless particles 
in a teleparallel gravitational waves background and proposed an experimental 
mechanism to detect the torsion via the GETGB model. The complete picture 
should be to detect both gravitational waves and torsional waves and therefore 
it may be interesting for further research to find the non-deviation geodesic 
equations associated to the GETGB model. 

Finally we would like to comment about the possibility of using the RTDE 
in connection with the inflationary gravitational waves scenario and brane new 
world cosmology. In the first case, just before the universe became transpar- 
ent, the gravitational waves, produced during inflation, interacted with the 
plasma producing polarization patterns of the cosmic microwave background 
(CMB). This kind of phenomena is especially interesting since recently some 
observations have shown the variation of the polarization pattern of the CMB. 
The RTDE model can be interesting in this direction if spin tensor S x/3 is iden- 
tified as the fermionic spin (S^ u = i6 v 9^) of elementary particles. According 
to the RTDE, a gravitational wave should cause two kinds of motions on the 
constituent fermionic particles of such a plasma. The first one is the motion 
of the particles caused by the forces due to GDE and the second one is the 
motion on the plasma caused by the spin-gravity interaction. Therefore, one 
should expect that the spin-gravity interaction may also leave a "print" in the 
polarization pattern of the CMB. 

In the case of the world brane universes, only gravity can move in the extra 
dimensions, all the matter and other forces are confined to the branes. Only 
gravitational waves (or gravitons) travel from brane to brane carrying some 
energy information away from the branes. Presumably, such gravitational 
waves affect objects held together by gravity, such as stars and galaxies, by 
distances shorter than millimeters. But, according to our above rough estimate 
such short distance changes are also predicted by the RTDE model. 
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Astronomy Area for their hospitality. 

References 

[1] S. L. Shapiro and S. A. Teukolsky, Black Holes, White Dwarfs and Neu- 
tron Satrs (Wile-Interscience, New York 1983). 



16 



[2] K. S. Thorne, in S. Hawking and W. Israel, eds, 300 Year of Gravitation 
(Cambridge University, Cambridge 1987) p. 330. 

[3] See A. Lazzarini, Ligo Project an Overview, Published in *Les Arcs 1996, 
Dark matter in cosmology, quantum measurements, experimental gravi- 
tation* 355-361 Ligo and Ref. there in 

[4] See Y. Acker et al., The Present Status of Virgo Project, Published in 
*Sao Jose dos Campos 1996, Omnidirectional Gravitational Radiation 
Observatory* 241-250 VIRGO and Ref. there in. 

[5] See B. Schutz, (ed.), Class. Quantum Grav. 18, 3965 (2001) and Ref. 
there in. 

[6] J. A. Nieto and V. M. Villanueva, Nuovo Cim. B 109, 821 (1994). 

[7] J. A. Nieto and M. P. Ryan, Nuovo Cim. A 63, 71 (1981). 

[8] M. Mathisson, Acta Phys. Pol. 6, 163 (1937); M. H. Pryce Proc. R. Soc. 
London Ser A 195, 62 (1948); A. Papapetrou, Proc. R. Soc. London Ser. 
A 201, 248 (1951); W. G. Dixon, Proc. Roy. Soc. London A 314, 499 
(1970); S. Hojman, Ph. D. Thesis, Princeton University (1975). 

[9] R. H. Rietdijk and J. W. van Holten, Class. Quantum Grav. 7, 247 (1990). 

[10] G. W. Gibbons, R. H. Rietdijk and J. W. van Holten, Nucl. Phys. B 404, 
42 (1993). 

[11] R. A. Hulse and J. H. Taylor, Ap. J. 195, L51 (1975). 

[12] P. Laguna and A. Wolszczan, "Pulse arrival times from binary pulsars 
with rotating black hole companions", astro-ph/9705054, 

[13] I. I. Shapiro, Phys. Rev. Lett. 13, 798 (1964). 

[14] S. G. Wang, Z. H. Zhu, Z. L. Zou a nd Y. Z. Zhang, Int. J. Mod. Phys. D 
11, 1061 (2002); |astro-ph/0212191| 

[15] S. Detweiler, Astrophys. J. 234, 1100 (1979). 

[16] S. Kessari, D. Singh, R. W. Tucker and C. Wang, Class. Quant. Grav. 
19, 4943 (2002); gr-qc/0203038, 

[17] M. Mohseni, R. W. Tucker and C. Wang, Class. Quant. Grav. 18, 3007 
(2001). 



17 



[18] M. Mohseni, Phys. Lett. A 301, 382 (2002); gr-qc/0208072. 

[19] S. Dod elson, W H. Kinn ey and E. W. Kolb, Phys. Rev. D 56, 3207 
(1997); Tastro-ph/9702166| 

[20] J. Kovac, E. M. Leitch, C. Pryke, J. E. Carlstrom, N. W. Halverson and 
W. L. Holzapfel, Nature 420, 772 (2002); |istro-ph/0209478t A. Kogut, 
D. N. Spergel, C. Barnes, C. L. Bennett, M. Halpern, G. Hinshaw, N. 
Jarosik, M. Limon, S. S. Meyer, L. Page, G. Tucker, E. Wollack and E. 
L. Wright, "Wilkinson microwave anisotropy probe (WMAP) first year 
observations: polarization, |astro-p h /03022 13 , 

[21] P. K. Townsend, "Four lectures on M-theory," Proceedings of the ICTP 
on the Summer School on High Energy Physics and Cosmology, June 
1996, |hep-th/961212ll 

[22] M. J. Duff, Int. J. Mod. Phys. A 11, 5623 (1996), |hep^"th/9608117| 

[23] P. Horava and E. Witten, Nucl. Phys. B 460, 506 (1996). 

[24] M. Green, V. Schwarz and E. Witten, Superstrings Theory (Cambridge 
University Press, Cambridge, 1987) Vol I and II; M. Kaku, Introduction 
to Superstrings ( Spring- Verlag, Berlin, 1990). 

[25] S. Weinberg, Gravitation and Cosmology: Principles and Applications of 
the General Theory of Relativity (John Wiley and Sons, Inc. 1972). 

[26] F. A. E. Pirani, Acta Phys. Pol. 15, 389 (1956) 

[27] C. A. P. Galvao and C. Teitelboim, J. Math. Phys. 21, 1863 (1980). 

[28] A. Barducci, R. Casalbuoni and L. Lusanna, Nuovo Cim. A 35, 377 
(1976); Nucl. Phys. B 124, 521 (1977). 

[29] F. A. Berezin and M. S. Marinov, Ann. Phys. 104, 336 (1977). 

[30] S. Hojman and T. Regge, "Spinning tops in external fields", Studies in 
Matematical Physics; Essays in Honor of Valentine Bargmann, ed. E. H. 
Lieb, B. Simon and A. S. Wightman (Princeton University Press, Prince- 
ton NJ 1976) 

[31] W. Tulczyjew, Acta Phys. Pol. 18, 393 (1959). 

[32] J. W. van Holten, Int. J. Mod. Phys. A 17, 2645 (2002); |hep^th/0201083 



18 



[33] J. Nitsch, in Cosmology and Gravitation; "Spin, Torsion, Rotation and 
Supergravity" , eds. P. G. Bergamann and V. Sabbata, Plenum Press 
(1980). 

[34] S. Hojman, M. Rosenbaum, M. P. Ryan, Phys. Rev. D 19, 430 (1979). 

[35] L. C. Garcia de Andrade "Nongeodesic motion of spinless particles in the 
teleparallel gravitational wave background": |gr-qc/ 0205120, 



19 



